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The variance given by (14) is conditioned on and
which are related to and Below the variance will be
averaged by considering and as independent random
variables, which take values from the set of for
BFSK and from for MFSK
with equal probability.
For BFSK, the information sequence is an independent
random variable with unit amplitude, as noted in Section II-
A. Hence, and in (14) take values of or
with equal probability for the values of or
As a result, can be obtained by averaging
for the and values of
and for the values of and
(15)
Substituting from (14) into (15) for all
possible values of and , the result is computed as
(16)
As noted in Section II-C, is a normally distributed
Gaussian variable with variance of and all
interferences are treated as additional noise. Hence, according
to (7) the normalized variance of can be computed by
or alternatively
as
(17)
The normalized variance of the quadrature-phase component
can also be obtained according to the method above,
resulting in
Finally, the bit error probability of the BFSK DS-SSMA
system with interfering users is approximated as (41)
of [4]
(18)
for a receiver employing square-law detection.
For MFSK modulation, the variance of the interference
inﬂicted upon the in-phase branch of the receiver conditioned
on and is also given by (14), where and may
take values from the set and
should be replaced by
When independent information sequences are concerned, then
can be averaged by considering all
possible values of and for different frequency tones
of the reference signal. However, it is cumbersome to do this,
when is a high integer. Hence, below we only aim for
computing the upper bound and the lower bound of the average
value of
From Fig. 2 we infer that is upper bounded,
when the reference user activates frequency tones since
these two frequency tones are overlapped by the number of
legitimate frequency tones with a maximum overlapping area
from both left and right because the frequency tones’ sidelobes
close to the main lobe have not decayed to a low value. Hence,
the upper bound can be expressed as [see Appendix III]
(19)
By contrast, is lower bounded, when the
reference user activates frequency tones
since these two frequency tones are overlapped by the
number of legitimate frequency tones of the interfering signals
with a minimum overlapping area because in this case the
frequency tones’ sidelobes have decayed to a lower value due
to their higher frequency-domain separation. Therefore, the
lower bound can be expressed as [see Appendix IV]
(20)
Hence, the normalized variance of for MFSK systems
can be obtained according to the method employed above for
BFSK with replaced by
From (19) and (20), we can infer that the variance of
is upper bounded by
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and lower bounded by
(22)
Similarly, the variance of can be computed, whose
upper bound and lower bound become identical to (21) and
(22). Finally, the upper bound and the lower bound of the
bit error probabilities of the DS-SSMA system using MFSK
modulation can be expressed as [4]
(23)
where represents or for the upper bound and the lower
bound, respectively, and is the number of bits
per symbol.
III. SSMA SYSTEM WITH DS-SFH
SPREAD-SPECTRUM SIGNALING
DS systems exhibit high-antimultipath resistance [2], [13],
[14], while frequency-hopping (FH) schemes are robust against
partial-band jamming and the near–far problem [5], [6], [8],
[9]. Hence, the hybrid form of DS-SFH spread-spectrum
systems have received considerable interest in recent years
[7]–[11], [13]–[15]. The performance of hybrid DS-SFH sys-
tems has been widely studied when multiple-access is con-
cerned and when the channels are modeled as Gaussian or
multipath fading with coherent or noncoherent receivers using
different modulation schemes [7]–[11], [13]–[15]. Typically, in
a hybrid system, the information symbols to be transmitted are
ﬁrst DS modulated, and then frequency hopped according to
the frequency hopping pattern in order to form the transmitted
signal. At the receiver the signal is demodulated similarly to
receiving pure DS signals, except that the received signals need
to be ﬁrstly dehopped to perform the appropriate frequency
translation. For a hybrid DS-SFH SSMA system with BFSK
or MFSK modulation, the transmitted signal can be expressed
as
(24)
where represents the frequency hopping pattern of user
which is derived from a sequence of frequencies,
while represents the phase waveform introduced by
the th frequency hopper, which takes on the constant value
during the th frequency hopping dwell time. The other
parameters in (24) are the same as in (1).
In DS-SFH systems the DS bandwidth may be designed
wider than the FH carrier spacing, in order to overlay the
frequency hopping “slots,” where the term slots was used to
indicate the frequencies for frequency hopping, in order to
distinguish them from the DS spread FSK tones. Laxpati and
Gluck [15] have shown that by designing the DS-SFH system
with overlapping frequency hopping slots, the system can
improve its antimultitone jamming capability in comparison
to those with nonoverlapping slots. Moreover, the results of
[16] showed that, for a given total bandwidth and for a given
modulation scheme, a hybrid DS-SFH system with optimized
overlapping frequency slots outperformed the systems with
nonoverlapping frequency slots, when they were compared in a
multiple-access environment. Furthermore, in DS-SFH SSMA
systems with BFSK or MFSK modulation, both the frequency
hopping slots and the DS spread FSK tones can be designed
with overlap and hence enhance the system performance by
optimizing both overlaps. However, in this paper, we consider
that the frequency hopping slots are nonoverlapping, while the
DS spread FSK tones can overlap with each other.
For the above-mentioned system, which uses nonoverlap-
ping frequency hopping slots and overlapping DS spread FSK
tones, as in [8], we can compute the upper bound of the aver-
age error probability by ﬁrst evaluating the conditional error
probability given the number of “hits,” where a “hit” implies
that an interfering signal activates the same frequency hopping
slots as the desired signal. Otherwise, when the reference user
and the interfering user activate different frequency slots, there
will be no multiple-access interference to the reference signal
due to their nonoverlapping frequency hopping slots and due to
using matched bandpass ﬁlters in the receiver. After obtaining
the conditional BER, the unconditional error probability can
be computed by averaging the conditional BER with respect
to the distribution of hits.
When independent random signature sequences as well as
random memoryless frequency hopping patterns are consid-
ered and the powers of the transmitted signals are assumed
to be equal, we can write the upper bound of the bit error
probability of the hybrid SSMA system with binary and -ary
FSK modulation as
(25)
where and is the probability of a hit from an
interfering signal. In asynchronous systems, the upper bound
of is given by [9]
(26)
where is the number of frequency slots of the frequency
hopping pattern. in (25) denotes the conditional
bit error probability, given that hits occurred from the other
interfering users, i.e., out of users in the system
activated the same frequency slot as the reference user, which
is given by (18) or (23) with the related represented by
while represents “B” or “M,” corresponding to Binary
or -ary FSK.
IV. NUMERICAL RESULTS AND CONCLUDING REMARKS
In this section, the previously derived analytical perfor-
mance formulas are numerically evaluated and compared1990 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 48, NO. 6, NOVEMBER 1999
with the conventional systems using nonoverlapping frequency
hopping slots and nonoverlapping DS spread FSK tones,
under the assumption that the systems employ the same total
bandwidth.
In Figs. 4 and 5, the variance of the multiple-access in-
terference term from one of the interfering users
was evaluated for a constant total system bandwidth of
The curves were plotted as a function of
which controlled the amount of overlap, with parameters
and (Fig. 4) as well as (Fig. 5),
where increasing corresponded to higher spectral spacing
and less overlap between frequency tones for a constant value
of and a constant total system bandwidth. For
the exact value of the variance was computed by (16). For
the upper bound and the lower bound of the
variance were computed using (19) and (20). In addition, when
the DS spread MFSK discussed in this
paper is reduced to the conventional nonoverlapping scenario,
if the spectral sidelobes are ignored, and the approximation to
the multiple-access interference term of the MFSK DS-SSMA
system given by was plotted as a hori-
zontal line in both Figs. 4 and 5, so that the performance of the
system with overlapping frequency tones can be conveniently
compared with that of the system having nonoverlapping
frequency tones. From these results, we can conclude that the
multiple-access interference can be minimized by controlling
the overlap. Thus, the advantage of the increased spreading
gain of the frequency tones outweighs the disadvantage of
the increased multiple-access interference, provided that the
optimum values are used. For example, for the binary FSK
DS-SSMA system with a total spreading gain of 256, the
variance of the multiple-access interference inﬂicted upon
the reference user is minimized by letting as
seen in Fig. 3. Apparently, two frequency tones are partially
overlapped for where is the
minimum frequency spacing of the conventional MFSK DS
system using nonoverlapping frequency tones. Furthermore,
we observe, also from the analysis that the optimum value of
for DS-SSMA using BFSK, where achieves
its minimum value is but the optimum value of for
DS-SSMA using MFSK achieving the minimum value of
is not analytically tractable. These optimum
values of for different MFSK systems can be obtained by
numerical computations.
In Fig. 6, we estimated the performance of various -ary
FSK DS-SSMA systems for a constant total system bandwidth.
The upper bounds of were computed with
and In the computations,
the available maximum value of for different values of
was obtained from for systems with
overlapping frequency tones. From (19) to (22), we can infer
that, for a constant system bandwidth, constant bit rate and
bit energy, increasing means that not only the ratio of
is increased, but also the spreading gain
which results in the reduction of the
multiple-access interference. Hence, the ﬁgure illustrates that
the variance of the multiple-access interference is gracefully
improved, as the value of increases.
Fig. 4. Variance of Ic;m(k;1) from (16) with a bandwidth expression of
N =2 5 6and the binary case of M =2 :
Fig. 5. The upper and lower bounds of the variance of Ic;m(k;1) from (19)
and (20) with N = 256 and M =8 :
Fig. 6. Comparison of the variance of Ic;m(k;1) with a total spreading gain
of N = 512 and M =2 ;4;8;16;32 computed from (16) for M =2and
(19) otherwise.YANG AND HANZO: MULTIPLE-ACCESS SYSTEMS USING RANDOM SIGNATURE SEQUENCES 1991
Fig. 7. Achievable multiple-access interference variance reduction of the
proposed overlapping scheme over the conventional orthogonal scheme with
M =2 ;4;8;16:
Note that, since the sidelobes of the DS spread FSK fre-
quency tones were included in our computations, from the
results of Figs. 4–6 we observed that the multiuser interference
power from the th user at the point for BFSK,
or at an overlap of for MFSK was
higher than for BFSK or for MFSK,
which was the approximated interference power inﬂicted by
an interfering user, an estimate, which is frequently invoked
in conventional DS-SSMA systems. Hence, we can argue that
and are the approximated interference
lower bounds of the conventional DS-SSMA systems using
BFSK and MFSK with nonoverlapping DS spread FSK tones,
respectively.
In Fig. 7, expressed in
decibels was plotted versus the total system spreading
gain, when different values of were concerned. The term
was the approximated lower bound interfer-
ence variance from an interfering signal of the conventional
MFSK DS-SSMA system with nonoverlapping tones, as noted
previously, while was the optimum (minimum) upper
bound of for a given and which was
quantiﬁed by (19). It can be observed from the results of Fig. 7,
and also from the results of Figs. 4–6 that the achievable
multiple-access interference reduction due to using overlap-
ping tones is on the order of 0.5–1.5 dB for a single interfering
signal, depending on the value of rather than on the
system’s total bandwidth. As observed in the ﬁgure, there
is no improvement, as the total system spreading gain,
increases. This is particularly pronounced for the systems
employing a sufﬁciently high DS spreading bandwidth, or in
other words, when the value of or computed from
was high enough. In addition, we can conclude that the
BER performance improvement due to increasing the total
system bandwidth (or is the same, whether overlapping
frequency tones or conventional nonoverlapping frequency
tones are employed by the MFSK DS-SSMA systems.
In Fig. 8, the BER versus the bit energy-to-noise ratio of
was plotted for the binary FSK DS-SSMA system
with a bandwidth expansion factor of and for
users. In Fig. 9, the upper bound and
Fig. 8. Bit error probability of DS-SSMA using binary FSK and a total
spreading gain of N =2 5 6for K =1 0 ; 30; 50; and 100 users computed
from (18).
Fig. 9. Bit error probability of DS-SSMA using 8-ary FSK and a total
spreading gain of N = 256 for K =1 0 ; 50; and 100 users computed
from (23).
the lower bound bit error probabilities of the -ary FSK
DS-SSMA system using overlapping frequency tones, and
that of the conventional system using nonoverlapping tones
were plotted versus with the above parameters of
for an 8-ary FSK system. Note
that the upper bound and the lower bound of the bit error
probabilities were computed by assuming that the frequency
tones were optimally overlapped and hence the variance of
multiple-access interference was minimized. As expected, the
results show that the bit error performances degrade, as the
number of active users increases and the proposed system
with overlapping frequency tones achieves a lower BER, than
the conventional system using nonoverlapping tones, provided
that the frequency tones are optimally overlapped. Taking an
8-ary FSK system with users as an example, the DS-
SSMA system with MFSK tones optimally overlapped needs
3–4 dB less SNR per bit, than the conventional system in order
to achieve the same BER of 1 10 .1992 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 48, NO. 6, NOVEMBER 1999
Fig. 10. Bit error probability of DS-SFH SSMA using binary FSK, support-
ing K =1 0 0users, and for qN =8 1 9 2in various combinations of the
number of frequency slots q and spreading gain N computed from (25) for
the hybrid DS-SFH case and (18) for the pure DS case.
Fig. 11. Bit error probability of DS-SFH SSMA using 8-ary FSK, supporting
K = 300 users, and for qN = 8192 in various combinations of the number
of frequency slots q and spreading gain N computed from (25) for the hybrid
DS-SFH case and (23) for the pure DS case.
In Fig. 10, we plotted the BER of a binary FSK scheme,
while in Fig. 11 the upper bound and lower bound BER of an
8-ary FSK hybrid DS-SFH system. The ﬁgures were plotted
versus bit energy-to-noise ratio , assuming
(Fig. 10), (Fig. 11), and a constant product of
, where was the number of frequency slots of
the frequency hopping pattern, while was the frequency
band expansion factor of each frequency slot. Note that,
indicated a pure DS-SSMA system, which
marked as pure DS in the ﬁgures. From the results we can
infer that, as shown in the pure DS-SSMA case of Figs. 8 and
9, the DS-SFH SSMA system with the MFSK tones optimally
overlapped achieves a lower BER than the conventional DS-
SFH SSMA system using nonoverlapping tones. Moreover, the
bit error performance improvement depends mainly on the DS
spreading. This conclusion was shown in numerous papers
[8]–[11] related to the analysis of hybrid DS-SFH SSMA
systems, under the assumption of perfect power control.
In conclusion, we provided explicit formulas for the perfor-
mance of BFSK and MFSK DS-SSMA as well as for DS-SFH
SSMA with nonoverlapped and partially overlapped frequency
tones. The optimum frequency overlap was also determined.
The approach can be used for direct sequence spread-spectrum
systems with MFSK modulation to minimize the partial band
jamming by optimizing the frequency tones’ overlap, and the
work can be extended to the analysis of multicarrier CDMA
systems, which use overlapping frequency bands.
APPENDIX I
SIMPLIFICATION OF THE IN-PHASE COMPONENT
This Appendix shows, how to obtain and simplify the in-
phase component of (6). We assume that the data bit is
sent by the reference user in the ﬁrst bit period, and the phase
angle is when Then substituting from (4)
into (6), and simplifying it, we obtain
(27)
Let us assume that and are the data bits transmitted
by the th user in the time interval and relative to
the reference signal, and and are the phase angles of
the th signal for transmitting the data bits and The
third term of (27) can be expressed by the partial correlation
method [3]. Hence, (27) can be written as
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APPENDIX II
VARIANCES OF THE PARTIAL CROSS-CORRELATION FUNCTIONS
In this Appendix, we will analyze the continuous partial
cross-correlation functions of (11) and (12) and show how to
compute their expectations by assuming that the phase angles
and time delays are modeled as mutually independent random
variables, each of which is uniformly distributed over the
appropriate interval. We can ﬁnd the variance of the multiple-
access interference term of (11) and (12) by computing the
expectations of the square of
(29)
and
(30)
Below we only analyze the expectation of the
expectation of can be obtained following the same
approach.
From (29) we have
(31)
where and or for BFSK or
MFSK, respectively, representing the number of chips per data
symbol period or the bandwidth-expansion factor per spread
FSK tone. Upon evaluating the integrals in (31), we ﬁnd that
(32)
where
The expression of is computed from (32) as
(33)
Since we assumed that random signature sequences are
concerned in our system, is statistically independent of
when or and takes values of or with
equal probability, hence, taking the expectation of
with respect to the and we obtain
E
(34)
Upon evaluating the resulting integral we ﬁnd that
(35)
The corresponding expression for can be obtained by
evaluating the expectation of in the same way, as
for and the result is expressed as
(36)